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Domain shape :

Solutions of PDE and their structure depend on the geometric properties of domains.

Spectrum :

Notion to discriminate properties of waves.
Spectral problems of PDEs often play important roles.

Physical Background:

Sound waves (music instrument). Resonances through space with obstacles or boundaries.

Heat propagation through complicated shaped space or composite material

Oscillation of buildings (tall building, lattice or box structure)

Pattern formation in Reaction-Diffusion phenomena (or biological phenomena)



Part I : Eigenvalues of the Laplacian in a singularly perturbed domain

Eigenvalue problem

Ω : a bounded domain in Rn (n ≧ 2) with a smooth boundary ∂Ω

(1) ∆Φ + λΦ = 0 in Ω, Φ = 0 on ∂Ω (Dirichlet B.C.)

We consider the equation (1). For each case, (λ,Φ) is an unknown pair of a number and
a function. If there is λ with a non-trivial Φ, λ is called an eigenvalue. It is known that
there is an infinite discrete sequence of positive eigenvalues {λk}∞k=1 which are arranged in
increasing order with counting multiplicities. Denote a corresponding complete system of the
orthonormal eigenfunctions by {Φk}∞k=1 ⊂ L2(Ω).
(cf. Books of Courant-Hilbert, L.C.Evans, Edmunds-Evans)



Basic Problem–Singular deformation of domains

For a bounded domain Ω ⊂ Rn, we deal with a perturbed domain Ω(ϵ) (ϵ > 0) of the
following two types.

(A) Ω(ϵ) has a small hole or a thin defect (tunnel)
(with some B.C. for emerging boundary).
Ω(ϵ) increases as ϵ→ 0.

(B) Some portion of Ω(ϵ) shrinks to a low dimensional set.
Ω(ϵ) decreases as ϵ→ 0.

How does each eigenvalue λk(ϵ) of the Laplacian behaves when ϵ→ 0 ?

See (A) : Swanson (’63’77), Rauch-Taylor(’75), Ozawa (’81, ’83),..., (B) : Beale (’75), Chavel-
Feldman(’81), Ram (’85), ... for early works. See Jimbo (’15) and Jimbo-Kosugi (’09) for the
details of I-(A) and I-(B) of the lecture.





(A) Domain with a small hole

Let a ∈ Ω be a point and

Ω(ϵ) = Ω \B(a, ϵ), Γ(ϵ) = ∂B(a, ϵ), Γ = ∂Ω.

Dirichlet B.C. on Γ(ϵ)

(2−D) ∆Φ + λΦ = 0 in Ω(ϵ), Φ = 0 on Γ(ϵ) ∪ Γ

Neumann B.C. on Γ(ϵ)

(2−N) ∆Φ + λΦ = 0 in Ω(ϵ), Φ = 0 on Γ, ∂Φ/∂ν = 0 on Γ(ϵ)

The k−th eigenvalue of (2-D) and (2-N) are denoted by λDk (ϵ) and λ
N
k (ϵ), respectively.

Theorem (n = 2 or n = 3). Assume λk is simple in (1)

λDk (ϵ) = λk +

{
4πΦk(a)

2ϵ + H.O.T. (n = 3)

(2π/ log(1/ϵ))Φk(a)
2 + H.O.T. (n = 2)

Theorem (n = 2 or n = 3). Assume λk is simple in (1)

λNk (ϵ) = λk +

{
π(−2|∇Φk(a)|2 + (4λk/3)Φk(a)

2)ϵ3 + H.O.T. (n = 3)

π (−2|∇Φk(a)|2 + λkΦk(a)
2)ϵ2 + H.O.T. (n = 2)

cf. S.Ozawa (’81,’83) for the above results.



Remark. Swanson (’63) gave ”some perturbation formula” for λDk,ϵ, previously.
These results are proved by the method of ”Approximate Green function”. There are also
results for Robin condition on Γ(ϵ) (cf. Ozawa (’83,’92), Roppongi (’93), Ozawa-Roppongi
(’92)).

There are many related works in different situations (generalization or elaboration). See
Maz’ya-Nazarov-Plamenevsky(’85, ’00), Flucher(’95), Ammari-Kang-Lim-Zribi (’10), Lanza
de Christoforis (’12), ...



Proof of Perturbation formula of the eigenvalue n = 2, Neumann B.C.

A bounded domain Ω ⊂ R2, a fixed point a ∈ Ω. The eigenvalue problem

(3)

{
∆Φ + λΦ = 0 in Ω(ϵ), Φ = 0 on ∂Ω

∂Φ/∂ν = 0 on Γ(ϵ) = ∂B(a, ϵ)

{λk(ϵ)}∞k=1 : the set of eigenvalues.
{Φk,ϵ}∞k=1 : system of corresponding eigenfunctions with (Φp,ϵ,Φq,ϵ)L2(Ω(ϵ)) = δ(p, q).

(4) ∆Φ + λΦ = 0 in Ω, Φ = 0 on ∂Ω

{λk}∞k=1 : the set of eigenvalues
{Φk}∞k=1 : system of corresponding eigenfunctions with (Φp,Φq)L2(Ω) = δ(p, q).

We want to closely look at λk(ϵ)− λk. There are two parts in the process of proof.

(i) Characterization of the behavior of the true eigenfunction Φk,ϵ

(ii) Construction a good approximate eigenfunction Φ̃k,ϵ



(i) Characterization of Φk,ϵ

Proposition. For any sequence of positive numbers {ϵ(p)}∞p=1 with limp→∞ ϵ(p) = 0, there
exist a subsequence {ϵ(p(q))}∞q=1 and a sequence {λ′k}∞k=1 with an complete orthonormal
system {Φ′

k}∞k=1 ⊂ L2(Ω) such that

∆Φ′
k + λ′kΦ

′
k = 0 in Ω, Φ′

k = 0 on ∂Ω,

and

lim
q→∞

λk(ϵ(p(q)) = λ′k, lim
q→∞

sup
x∈Ω(ϵ(p(q)))

|Φk,ϵ(p(q))(x)− Φ′
k(x)| = 0 (∀k ∈ N).

We omit the details of the proof.

Estimation of solutions of elliptic equations away from the small hole.

By the aid of ”Barrier functions”, we prove a uniform bound in Ω(ϵ).

Proof of uniform convergence of Φk,ϵ of Ω(ϵ).

Proposition. λk = λ′k (k ≧ 1) and limϵ→0 λk(ϵ) = λk.



(ii) Construction of approximate eigen function Φ̃k,ϵ. Modify the eigenfunction Φk of Ω around

the hole B(a, ϵ). Prepare the function

ηk(x) =
⟨∇Φk(a), x− a⟩

|x− a|2
(harmonic in R2 \ {a}).

It is easy to calculate

∇ηk(x) =
∇Φk(a)

|x− a|2
+ ⟨∇Φk(a), x− a⟩(x− a)

|x− a|
(−2)

|x− a|3

=
∇Φk(a)

|x− a|2
− 2⟨∇Φk(a), x− a⟩ (x− a)

|x− a|4

∆ηk(x) =
−2⟨∇Φk(a), x− a⟩

|x− a|4
− 2⟨∇Φk(a),

x− a

|x− a|4
⟩

−2⟨∇Φk(a), x− a⟩
(

2

|x− a|4
− 4|x− a|2

|x− a|6

)
= 0 (x ̸= a)



Put a function Φ̃k,ϵ as follows

Φ̃k,ϵ(x) =

{
Φk(x) + ϵ2ηk(x) (x ∈ B(a, r0) \B(a, ϵ))

Φk(x) + ϵ2η̂k(x) (x ∈ Ω \B(a, r0))

where η̂k is the unique solution η̂ of

∆η̂ = 0 in Ω \B(a, r0), η̂(x) = 0 on ∂Ω, η̂(x) = ηk(x) on ∂B(a, r0).





Other choice of approximate eigenfunction

Φ̃k,ϵ(x) =

{
Φk(x) + ηk,ϵ(x) (x ∈ B(a, r0) \B(a, ϵ))

Φk(x) (x ∈ Ω \B(a, r0))

where η = ηk,ϵ ∈ C2(B(a, r0) \B(a, ϵ)) is the unique solution of

∆η = 0 in B(a, r0) \B(a, ϵ), η = 0 on ∂B(a, r0),
∂η

∂ν1
= −∂Φk

∂ν1
on ∂B(a, ϵ).

Here ν1 is the inward unit normal vector on ∂B(a, ϵ).



The equation is written as∫
Ω(ϵ)

(⟨∇Φk,ϵ,∇φ⟩ − λk(ϵ)Φk,ϵφ)dx = 0 (∀φ ∈ H1(Ω(ϵ)) with φ = 0 on ∂Ω)

Substitute φ = Φ̃k,ϵ, we have∫
Ω(ϵ)

(⟨∇Φk,ϵ,∇Φ̃k,ϵ⟩ − λk(ϵ)Φk,ϵΦ̃k,ϵ)dx = 0

Swanson trick : One method to deduce the perturbation of the eigenvalue.

Looking into this integral equality leads us to see the details of λk(ϵ)− λk.



∫
B(a,r0)\B(a,ϵ)

⟨∇Φk,ϵ,∇(Φk + ϵ2ηk)⟩dx +
∫
Ω\B(a,r0)

⟨∇Φk,ϵ,∇(Φk + ϵ2η̂k)⟩dx

−λk(ϵ)
(∫

B(a,r0)\B(a,ϵ)

Φk,ϵ (Φk + ϵ2ηk)dx +

∫
Ω\B(a,r0)

Φk,ϵ (Φk + ϵ2η̂k)dx

)
= 0

Gauss-Green formula gives∫
∂(B(a,r0)\B(a,ϵ))

Φk,ϵ
∂

∂ν
(Φk + ϵ2ηk)dS −

∫
B(a,r0)\B(a,ϵ)

Φk,ϵ∆Φkdx

+

∫
∂(Ω\B(a,r0))

Φk,ϵ
∂

∂ν
(Φk + ϵ2η̂k)dS −

∫
Ω\B(a,r0)

Φk,ϵ∆Φkdx

−λk(ϵ)
(∫

B(a,r0)\B(a,ϵ)

Φk,ϵ (Φk + ϵ2ηk)dx +

∫
Ω\B(a,r0)

Φk,ϵ (Φk + ϵ2η̂k)dx

)
= 0



Using ∆Φk = −λkΦk we get

(λk(ϵ)− λk)

∫
Ω(ϵ)

Φk,ϵΦkdx =

∫
∂B(a,ϵ)

Φk,ϵ
∂

∂ν1
(Φk + ϵ2ηk)dS +

∫
∂B(a,r0)

Φk,ϵ
∂

∂ν2
(ϵ2ηk)dS

+

∫
∂B(a,r0)

Φk,ϵ
∂

∂ν3
(ϵ2ηk)dS − λk(ϵ)

(∫
B(a,r0)\B(a,ϵ)

Φk,ϵ (ϵ
2ηk)dx +

∫
Ω\B(a,r0)

Φk,ϵ (ϵ
2η̂k)dx

)
= I1(ϵ) + I2(ϵ) + I3(ϵ) + I4(ϵ)

ν1 is the unit outward normal vector of ∂B(a, ϵ) at |x− a| = ϵ
ν2 is the unit outward normal vector of ∂B(a, r0) at |x− a| = r0
ν3 is the unit outward normal vector of ∂(Ω \B(a, r0)) at |x− a| = r0

Similarly, we get

(λℓ(ϵ)− λk)

∫
Ω(ϵ)

Φℓ,ϵΦkdx =

∫
∂B(a,ϵ)

Φℓ,ϵ
∂

∂ν1
(Φk + ϵ2ηk)dS +

∫
∂B(a,r0)

Φℓ,ϵ
∂

∂ν2
(ϵ2ηk)dS

+

∫
∂B(a,r0)

Φℓ,ϵ
∂

∂ν3
(ϵ2ηk)dS − λℓ(ϵ)

(∫
B(a,r0)\B(a,ϵ)

Φℓ,ϵ (ϵ
2ηk)dx +

∫
Ω\B(a,r0)

Φℓ,ϵ (ϵ
2η̂k)dx

)
for any k, ℓ ≧ 1.



Estimate the right hand side, we can prove

(λℓ(ϵ)− λk)(Φℓ,ϵ,Φk)L2(Ω(ϵ)) = O(ϵ2)

(with the aid of calucation )and accordingly , we can also see

lim
ϵ→0

λk(ϵ) = λk

for any k ≧ 1.



Evalueate and estimate the terms I1(ϵ), I2(ϵ), I3(ϵ), I4(ϵ) of the right hand side.

On ∂B(a, ϵ) (i.e. |x− a| = ϵ), we have
∂

∂ν1
(Φk + ϵ2ηk) = ⟨∇Φk(x)−∇Φk(a), ν1⟩ = O(ϵ)

and we get
1

ϵ2
I1(ϵ) =

1

ϵ2

∫
∂B(a,ϵ)

Φk,ϵ
∂

∂ν1
(Φk + ϵ2ηk)dS =

1

ϵ2

∫
∂B(a,ϵ)

Φk,ϵ⟨∇Φk(x)−∇Φk(a), ν1⟩dS

=
1

ϵ2

∫
∂B(a,ϵ)

Φ′
k⟨∇Φk(x)−∇Φk(a), ν1⟩dS+

1

ϵ2

∫
∂B(a,ϵ)

(Φk,ϵ−Φ′
k)⟨∇Φk(x)−∇Φk(a), ν1⟩dS

= Ĩ1,1(ϵ) + Ĩ1,2(ϵ) = Ĩ1,1(ϵ) + o(1)



For ϵ = ϵ(p(q)), we have

I4(ϵ) = −λkϵ2
∫
B(a,r0)\B(a,ϵ)

Φ′
kηkdx− λkϵ

2

∫
Ω\B(a,r0)

Φ′
kη̂kdx + o(ϵ2)

= ϵ2
∫
B(a,r0)\B(a,ϵ)

∆Φ′
kηkdx− λkϵ

2

∫
Ω\B(a,r0)

Φ′
kη̂kdx + o(ϵ2)

= ϵ2
∫
∂B(a,ϵ)

∂Φ′
k

∂ν1
ηkdS + ϵ2

∫
∂B(a,r0)

∂Φ′
k

∂ν2
ηkdS

−ϵ2
∫
∂B(a,ϵ)

Φ′
k

∂ηk
∂ν1

dS − ϵ2
∫
∂B(a,r0)

Φ′
k

∂ηk
∂ν2

dS − λkϵ
2

∫
Ω\B(a,r0)

Φ′
kη̂kdx + o(ϵ2)

Comparing the terms of the right hand side with I2(ϵ), I3(ϵ), we get

1

ϵ2
(I2(ϵ)+I3(ϵ)+I4(ϵ)) =

∫
∂B(a,ϵ)

∂Φ′
k

∂ν1
ηkdS−

∫
∂B(a,ϵ)

Φ′
k

∂ηk
∂ν1

dS+o(1) = Ĩ2,1(ϵ)+ Ĩ2,2(ϵ)+o(1)



Lemma.
Ĩ1,1(ϵ) = λkπΦ

′
k(a)Φk(a) + o(1) (ϵ = ϵ(p(q)) → 0),

Ĩ2,1(ϵ) = −π⟨∇Φ′
k(a),∇Φk(a)⟩ + o(1) (ϵ = ϵ(p(q)) → 0),

Ĩ2,2(ϵ) = −π⟨∇Φ′
k(a),∇Φk(a)⟩ + o(1) (ϵ = ϵ(p(q)) → 0).

(Sketch of the roof) Evaluate each quantity by Taylor expansiion.

Ĩ1,1 =
1

ϵ2

∫
∂B(a,ϵ)

Φ′
k⟨∇Φk(x)−∇Φk(a), ν1⟩dS

=
1

ϵ2

∫
∂B(a,ϵ)

Φ′
k(a)⟨∇Φk(x)−∇Φk(a), ν1⟩dS

+
1

ϵ2

∫
∂B(a,ϵ)

(Φ′
k(x)− Φ′

k(a))⟨∇Φk(x)−∇Φk(a), ν1⟩dS



=
1

ϵ2

∫
∂B(a,ϵ)

Φ′
k(a)

2∑
ℓ=1

(xℓ − aℓ)⟨
∂

∂xℓ
(∇Φk)(a) +O(ϵ), (−1)

(x− a)

|x− a|
⟩dS + o(1)

= − 1

ϵ2

∫
∂B(a,ϵ)

Φ′
k(a)

2∑
ℓ1,ℓ2=1

∂2Φ′
k

∂xℓ1∂xℓ2
(a)(xℓ1 − aℓ1)(xℓ2 − aℓ2)dS + o(1)

= −πΦ′
k(a)∆Φk(a) + o(1) = πλkΦ

′
k(a)Φk(a) + o(1)

The remaining two terms Ĩ2,1(ϵ), Ĩ2,2(ϵ) are evaluated similarly with the aid of Taylor expan-

sion. □



Eventually we have

lim
q→∞

λk(ϵ(p(q)))− λk
ϵ(p(q))2

(Φk,ϵ(p(q)),Φk)L2(Ω(ϵ(p(q))))

= π(−2⟨∇Φ′
k(a),∇Φk(a)⟩ + λkπΦ

′
k(a)Φk(a))

Since λk is simple, we accordingly have Φ′
k = Φk or Φ

′
k = −Φk and the {ϵ(p)}∞p=1 is arbitrary

and conclude

lim
ϵ→0

λk(ϵ)− λk
ϵ2

= π(−2|∇Φk(a)|2 + λkπΦk(a)
2)



Domain with a thin tubular hole

Let M be a m−dimensional smooth compact orientable manifold such that M ⊂ Ω and
0 ≦ m ≦ n− 2 and put

B(M, ϵ) = {x ∈ Rn | dist(x,M) < ϵ}, Γ = ∂Ω, Γ(M, ϵ) = ∂B(M, ϵ).

Note |B(M, ϵ)| = O(ϵn−m).

Let Ω(ϵ) = Ω \B(M, ϵ) and λDk (ϵ) be the k−th eigenvalue of the Laplacian in Ω(ϵ) with the
Dirichlet B.C. on ∂Ω(M, ϵ).

Due toG.Besson (’85), I.Chavel-D.Feldman (’88), C.Courtois (’95), the following
results have been established.

Theorem. Assume λk is simple in (1)

λDk (ϵ)− λk =

{(
(n−m− 2)|Sn−m−1|

∫
M Φk(ξ)

2ds
)
ϵn−m−2 + H.O.T. for n−m ≧ 3(

2π
∫
M Φk(ξ)

2ds
)
/ log(1/ϵ) + H.O.T. for n−m = 2

Here Sn−m−1 is the unit sphere in Rn−m and ”H.O.T.” implies ”a higher order term”.







The case of Neumann B.C., Robin B.C. on Γ(M, ϵ)

Perturbed eigenvalue problems

(5)

∆Φ + λΦ = 0 in Ω(ϵ), Φ = 0 on Γ,

∂Φ

∂ν
+ σϵτΦ = 0 on Γ(M, ϵ). (<= Robin B.C.)

(6)

∆Φ + λΦ = 0 in Ω(ϵ), Φ = 0 on Γ,

∂Φ

∂ν
= 0 on Γ(M, ϵ). (<= Neumann B.C.)

Here ν is the unit outward normal vector on ∂Ω(ϵ) and σ > 0, τ ∈ R are parameters.



Eigenvalues and Eigenfunctions in Ω(ϵ)

Definition. We denote the eigenvalues of (3) by {λRk (ϵ)}∞k=1 and the corresponding complete
orthonormal system by {ΦRk,ϵ}∞k=1 ⊂ L2(Ω(ϵ)), respectively.

(ΦRk,ϵ,Φ
R
ℓ,ϵ)L2(Ω(ϵ)) = δ(k, ℓ) (k, ℓ ≧ 1).

Definition. We denote the eigenvalues of (4) by {λNk (ϵ)}∞k=1 and the corresponding complete
orthonormal system {ΦNk,ϵ}∞k=1 ⊂ L2(Ω(ϵ)), respectively.

(ΦNk,ϵ,Φ
N
ℓ,ϵ)L2(Ω(ϵ)) = δ(k, ℓ) (k, ℓ ≧ 1).



Proposition. For k ∈ N, λNk (ϵ) ≦ λRk (ϵ) ≦ λDk (ϵ) ≦ λk + o(1) for ϵ→ 0.

(Sketch of the proof) This is proved by a (rough) test functions

Φ̃k,ϵ(x) =

{
Φk(x) for x ∈ Ω \B(M, r0)

Φk(x)
log(ϵ/r)
log(ϵ/r0)

for x ∈ B(M, r0) \B(M, ϵ), r = dist(x,M)
.

with the max-min principle through the Rayleigh quotient

Rϵ(Φ) = ∥∇Φ∥2L2(Ω(ϵ))/∥Φ∥
2
L2(Ω(ϵ))

λDk (ϵ) = sup
dimE≦k−1

inf{Rϵ(Φ) | Φ ∈ H1
0(Ω(ϵ)), Φ ⊥ E in L2(Ω(ϵ))}

Here E is a subspace of L2(Ω(ϵ)).



∥Φ̃k,ϵ−Φk∥2L2(Ω(ϵ)) = O(1/| log ϵ|2), ∥∇(Φ̃k,ϵ−Φk)∥2L2(Ω(ϵ)) =

{
O(1/| log ϵ|2) if q ≧ 3

O(1/| log ϵ|) if q = 2

(Φ̃k,ϵ, Φ̃k′,ϵ)L2(Ω(ϵ)) = δ(k, k′) +O(
1

| log ϵ|
),

(∇Φ̃k,ϵ,∇Φ̃k′,ϵ)L2(Ω(ϵ)) = λℓ δ(k, k
′) +

{
O( 1

| log ϵ|1/2) for q = 2

O( 1
| log ϵ|) for q ≧ 3

Put F = L.H.[Φ̃1,ϵ, Φ̃2,ϵ, · · · , Φ̃k,ϵ] and see dim(F ) = k.
Take any subspace E ⊂ L2(Ω(ϵ)) with dim(E) ≦ k − 1, then there exists

Ψ =

k∑
ℓ=1

ckΦ̃ℓ,ϵ ∈ F, Ψ ⊥ E in L2(Ω(ϵ)),

k∑
ℓ=1

c2ℓ = 1.

Then we have

inf
Φ∈H1

0(Ω(ϵ)),Φ⊥E inL2(Ω(ϵ))
Rϵ(Φ) ≦ Rϵ(Ψ) =

∥∇(
∑k

ℓ=1 ckΦ̃ℓ,ϵ)∥2L2(Ω(ϵ))
∥
∑k

ℓ=1 ckΦ̃ℓ,ϵ∥2L2(Ω(ϵ))



=

∑
1≦ℓ,ℓ′≦k(∇Φ̃ℓ,ϵ,∇Φ̃ℓ′,ϵ)L2(Ω(ϵ))cℓcℓ′∑

1≦ℓ,ℓ′≦k(Φ̃ℓ,ϵ, Φ̃ℓ′,ϵ)L2(Ω(ϵ))cℓcℓ′
=

∑k
ℓ=1 λℓ(1 + o(1))c2ℓ +

∑
1≦ℓ ̸=ℓ′≦k o(1)cℓcℓ′∑k

ℓ=1(1 + o(1))c2ℓ +
∑

1≦ℓ ̸=ℓ′≦k o(1)cℓcℓ′

≦ λk + o(1)

1− k2o(1)
≦ λk + o(1)

Note that the right hand side is independent of choice of E. Taking sup for all choices of
E ⊂ L2(Ω(ϵ)), dimE ≦ k − 1 with the max min principle

λDk (ϵ) ≦ λk + o(1)

Since λk ≦ λDk (ϵ), limϵ→0 λ
D
k (ϵ) = λk follows.



Proposition (Convergence). For k ∈ N, we have
lim
ϵ→0

λRk (ϵ) = λk (k ∈ N), lim
ϵ→0

λNk (ϵ) = λk (k ∈ N).

Proposition (Uniform bound). For each k ∈ N, there exist ϵ0 > 0 and c(k) > 0 such
that

|ΦRk,ϵ(x)| ≦ c(k), |ΦNk,ϵ(x)| ≦ c(k) (x ∈ Ω(ϵ), 0 < ϵ ≦ ϵ0).



Notation
∇ : the gradient in Rn

∇M : the tangential gradient on M
∇N : the normal gradient at a point of the manifold M

∇ϕ = ∇Mϕ +∇Nϕ on M

Notation

Denote the mean curvature vector field onM by H . H is a normal vector field onM .
As an operator, for a function ϕ defined in a neighborhood ofM , H acts on ϕ as a differential
in H direction as follows

H [ϕ](ξ) = lim
t→0

(ϕ(ξ + tH(ξ))− ϕ(ξ))/t at each ξ ∈M.



Theorem. Assume that n−m = q ≧ 3 and λk is simple in (1).
(0) We have

lim
ϵ→0

λNk (ϵ)− λk
ϵq

=
|Sq−1|
q

∫
M

{
− q

q − 1
|∇NΦk|2 − |∇MΦk|2 + λkΦ

2
k − ΦkH [Φk]

}
ds(ξ).

(i) Assume τ > 1, then we have

lim
ϵ→0

λRk (ϵ)− λk
ϵq

=
|Sq−1|
q

∫
M

{
− q

q − 1
|∇NΦk|2 − |∇MΦk|2 + λkΦ

2
k − ΦkH [Φk]

}
ds(ξ).

(ii) Assume τ = 1, then we have

lim
ϵ→0

λRk (ϵ)− λk
ϵq

=
|Sq−1|
q

∫
M

{
− q

q − 1
|∇NΦk|2 − |∇MΦk|2 + (λk + qσ)Φ2

k − ΦkH [Φk]

}
ds(ξ).



(iii) Assume −1 < τ < 1, then we have

lim
ϵ→0

λRk (ϵ)− λk
ϵq+τ−1

= σ|Sq−1|
∫
M

Φk(ξ)
2ds(ξ).

(iv) Assume τ = −1, then we have

lim
ϵ→0

λRk (ϵ)− λk
ϵq−2

=
σ(q − 2)

q − 2 + σ
|Sq−1|

∫
M

Φk(ξ)
2ds(ξ).

(v) Assume τ < −1, then we have

lim
ϵ→0

λRk (ϵ)− λk
ϵq−2

= (q − 2)|Sq−1|
∫
M

Φk(ξ)
2ds(ξ).

Here |Sq−1| = 2πq/2/Γ(q/2), which is is the measure of Sq−1 and Γ(s) =
∫∞
0 ts−1e−t dt is the

Gamma function.



Theorem. Assume that n−m = q = 2 and λk is simple in (1).
(0) We have

lim
ϵ→0

λNk (ϵ)− λk
ϵ2

= π

∫
M

(
−2|∇NΦk|2 − |∇MΦk|2 + λkΦ

2
k − ΦkH [Φk]

)
ds(ξ).

(i) Assume τ > 1, then we have

lim
ϵ→0

λRk (ϵ)− λk
ϵ2

= π

∫
M

(
−2|∇NΦk|2 − |∇MΦk|2 + λkΦ

2
k − ΦkH [Φk]

)
ds(ξ).

(ii) Assume τ = 1, then we have

lim
ϵ→0

λRk (ϵ)− λk
ϵ2

= π

∫
M

(
−2|∇NΦk|2 − |∇MΦk|2 + (λk + 2σ)Φ2

k − ΦkH [Φk]
)
ds(ξ).



(iii) Assume −1 < τ < 1, then we have

lim
ϵ→0

λRk (ϵ)− λk
ϵ1+τ

= 2πσ

∫
M

Φk(ξ)
2ds(ξ).

(iv) Assume τ ≦ −1, then we have

lim
ϵ→0

(λRk (ϵ)− λk) log(1/ϵ) = 2π

∫
M

Φk(ξ)
2ds(ξ).

The above theorems are in S.Jimbo, Eigenvalues of the Laplacian in a domain with a thin
tubular hole, J. Elliptic, Parabolic, Equations 1 (2015).

Remark. It should be noted that in the case τ < −1 in Theorem 3 and Theorem 4, the
formula takes the same form as λDk (ϵ) (the case of the Dirichlet B.C. on Γ(M, ϵ)). In this case
the Robin B.C. is close to the Dirichlet B.C. On the other hand, the formulas for λRk (ϵ) for
τ > 1 (in (i)) takes the same form as λNk (ϵ) (in (0)).

Remark. S. Ozawa dealt with n = 3, dimM = 1 and proved (iii) in Theorem 4 with other
method in his preprint: S. Ozawa, Spectra of the Laplacian and singular variation of domain
- removing an ϵ− neighborhood of a curve, unpublished note (1998).



Sketch of the proof

[I] Characterization of the eigenfunction ΦRk,ϵ(x), ΦNk,ϵ(x)

Estimates for uniform bound and convergence

[II] Construction of the approximate eigenfunction Φ̃Rk,ϵ(x), Φ̃Nk,ϵ(x)

Explicit expression of the approximation



[Coordinate system in B(M, r0)]

M : a compact m−dimensional smooth manifold (M has a finite covering)

Rn = TξM ⊕NξM (ξ ∈M) (orthogonal decomposition)

Here dim(TξM) = m, dim(NξM) = q.

Let (e1(ξ), e2(ξ), · · · , eq(ξ)) be an orthonormal frame in NξM (smooth in ξ) in a chart of
the covering. ∃r0 > 0 such that

B(M, r0) ∋ x = ξ +

q∑
ℓ=1

ηℓ eℓ(ξ).

Denote the second term by η · e(ξ).





[Mean curvature operator (vector) on M ]

The second fundamental form hξ(X,Y ) of M is defined by the following formula

∇YX = ∇M
Y X + hξ(X,Y ) ∈ TξM ⊕NξM (orthogonal decomposition)

for any C1 vector fields X,Y which are defined in a neighborhood of M and tangent to M .
The mean curvature vector H of M is defined by

Hξ =

m∑
i=1

hξ(Ei, Ei)

for each ξ ∈ M . Here {E1, E2, · · · , Em} is an orthonormal frame of TξM (cf. Kobayashi-
Nomizu (’63)).



Lemma. In this coordinate system (ξ, η) = (ξ1, · · · , ξm, η1, · · · , ηq), the mean curvature
operator of M is expressed as follows.

Hξ = −
q∑
ℓ=1

1√
g(ξ, 0)

(
∂
√
g(ξ, η)

∂ηℓ

)
|M

∂

∂ηℓ
= −

q∑
ℓ=1

∑
1≦i,j≦m

gij(ξ, 0)

2

∂gij
∂ηℓ

(ξ, 0)
∂

∂ηℓ

It is also expressed as a normal vector field

Hξ = −
q∑
ℓ=1

1√
g(ξ,0)

(
∂
√
g(ξ, η)

∂ηℓ

)
η=0

eℓ(ξ).

Proposition. For a C2 function u which is defined in B(M, r0), we have

(∆u)|M = ∆M(u|M)−H [u] +

q∑
ℓ=1

(
∂2u

∂η2ℓ

)
|η=0

on M.



[I] Uniform bound for the eigenfunction ΦRk,ϵ, Φ
N
k,ϵ

Lemma (Barrier function). There exsits a function ψϵ(x) (defined from K1) satisfies the
following properties. For any m2 > 0, there exist ϵ1 > 0, r1 ∈ (0, r0] and ϵ1 > 0 such that

∆ψϵ +m2ψϵ ≦ 0 in B(M, r1) \B(M, ϵ),
∂ψϵ
∂ν

≧ 0 on Γ(M, ϵ), 1 ≦ ψϵ(x) ≦ 3 in B(M, r1) \B(M, ϵ),

for any ϵ ∈ (0, ϵ1).

Estimates for ΦRk,ϵ, Φ
N
k,ϵ

For any r1 > 0, there exists c > 0 such that |ΦRk,ϵ(x)| ≦ c in Ω\B(M, r1) and 0 < ϵ ≦ r1/2
(Elliptic estimates).
By the comparison argument, we have

−c ψϵ(x) ≦ ΦRk,ϵ(x) ≦ c ψϵ(x) in B(M, r1) \B(M, ϵ).

for ϵ > 0.

Same argument applies to ΦNk,ϵ.



[II] Approximate eigenfunction Φ̃Rk,ϵ

We first construct an approximate eigenfunction Φ̃k,ϵ, by modifying Φk aroundM according
to the Robin B.C. on Γ(M, ϵ). We consider ϕ(η) = ϕ(η1, · · · , ηq) satisfying

∆ηϕ = 0 for ϵ < |η| < r0, ϕ = 0 for |η| = r0,(
∂ϕ

∂νη
+ σϵτϕ

)
|η|=ϵ

=

(
∂

∂νη
Φk(ξ + η · e(ξ)) + σϵτΦk(ξ + η · e(ξ))

)
|η|=ϵ

for each ξ ∈ M . Here ∆η = ∂2/∂η21 + · · · + ∂2/∂η2q . Basic harmonic functions in η space
solutions are given by

rℓφℓ,p(ω), r−ℓ−q+2φℓ,p(ω) (ℓ ≧ 0, 1 ≦ p ≦ ι(ℓ)) harmonic functions in Rq \ {0}.
where {φℓ,p(ω)}ℓ≧0,1≦p≦ι(ℓ) are eigenfunctions of the Laplace-Beltrami operator in Sq−1. The
eigenvalues γ(ℓ) and its multiplicity ι(ℓ) are given as follows

γ(ℓ) = ℓ(ℓ + q − 2), ι(ℓ) =
(2ℓ + q − 2)(q + ℓ− 3)!

(q − 2)!ℓ!
(ℓ ≧ 0, 1 ≦ p ≦ ι(ℓ)





The solution of the Laplace equation

ϕ(η) =
∑

ℓ≧0,1≦p≦ι(ℓ)
(al,pr

ℓ + bℓ,pr
−ℓ−q+2)φℓ,p(ω) (ϵ < r < r0, ω ∈ Sq−1).

The coefficients aℓ,p, bℓ,p can be calculated by the infinite series of relations determined by the
boundary condition. From the boundary condition on |η| = r0, we have∑

ℓ≧0,1≦p≦ι(ℓ)
(aℓ,pr

ℓ
0 + bℓ,pr

−ℓ−q+2
0 )φℓ,p(ω) = 0 (ω ∈ Sq−1)

which gives
aℓ,pr

ℓ
0 + bℓ,pr

−ℓ−q+2
0 = 0 for ℓ ≧ 0, 1 ≦ p ≦ ι(ℓ).

ϕ is written by

ϕ(η) =
∑

ℓ≧0,1≦p≦ι(ℓ)
bℓ,p(r

−ℓ−q+2 − r−2ℓ−q+2
0 rℓ)φℓ,p(ω) (ϵ < r < r0, ω ∈ Sq−1).



We calculate the Robin condition on |η| = ϵ. Noting

∂

∂ν
= − ∂

∂r
= −

q∑
i=1

ηi
|η|

∂

∂ηi
on Γ(M, ϵ) = {x = ξ + η · e(ξ) | ξ ∈M, |η| = ϵ}

we have the equations for the coefficients aℓ,p, bℓ,p as follows.

−
∑

ℓ≧0,1≦p≦ι(ℓ)
bℓ,p

(
(−ℓ− q + 2)r−ℓ−q+1 − ℓr−2ℓ−q+2

0 rℓ−1
)
r=ϵ

φℓ,p(ω)

+
∑

ℓ≧0,1≦p≦ι(ℓ)
bℓ,pσϵ

τ
(
r−ℓ−q+2 − r−2ℓ−q+2

0 rℓ
)
r=ϵ

φℓ,p(ω)

= −
q∑
i=1

⟨∇Φk(ξ + (ϵω) · e(ξ)), ei(ξ)⟩ηi/|η| + σϵτΦk(ξ + (ϵω) · e(ξ))

for ω ∈ Sq−1. Multiply both sides by φp,ℓ and integrate on Sq−1 and we get

bℓ,p

{
(ℓ + q − 2)ϵ−ℓ−q+1 + ℓr−2ℓ−q+2

0 ϵℓ−1 + σ(ϵ−ℓ−q+2+τ − r−2ℓ−q+2
0 ϵℓ+τ)

}
=

∫
Sq−1

{
−

q∑
i=1

{(∇Φk(ξ + (ϵω) · e(ξ)), ei(ξ))ωi} + σϵτΦk(ξ + (ϵω) · e(ξ))

}
φℓ,p(ω)dω



We used ωi = ηi/|η|.



From these equations we get aℓ,p, bℓ,p as follows

aℓ,p = −r−2ℓ−q+2
0 bℓ,p

bℓ,p =
1

(ℓ + q − 2)ϵ−ℓ−q+1 + ℓr−2ℓ−q+2
0 ϵℓ−1 + σ(ϵ−ℓ−q+2+τ − r−2ℓ−q+2

0 ϵℓ+τ)

×
∫
Sq−1

{
−

q∑
i=1

{(∇Φk(ξ + (ϵω) · e(ξ)), ei(ξ))ωi} + σϵτΦk(ξ + (ϵω) · e(ξ))

}
φℓ,p(ω)dω

We remark that these (ϵ−dependent) coefficients aℓ,p, bℓ,p are smoothly dependent on ξ ∈M
since Φk is smooth. So we denote this function ϕ(x) in B(M, r0) \B(M, ϵ) by Gk,ϵ(x). That
is

Gk,ϵ(x) =
∑

ℓ≧0,1≦p≦ι(ℓ)
bℓ,p(r

−ℓ−q+2 − r−2ℓ−q+2
0 rℓ)φℓ,p(ω) (x = ξ + (rω) · e(ξ)).

Definition. The approximate eigenfunction is defined by

Φ̃k,ϵ(x) =

{
Φk(x) for x ∈ Ω \B(M, r0)

Φk(x)−Gk,ϵ(x) for x = ξ + η · e(ξ) ∈ B(M, r0) \B(M, ϵ)





Lemma. (i) ℓ = 0

b0,1 = |Sq−1|1/2



−ϵq
q(q−2){

∑q
i=1⟨ei(ξ),∇2Φk(ξ)ei(ξ)⟩ +O(ϵ)} (τ > 1)

ϵq

q−2{(−1/q)
∑q

i=1⟨ei(ξ),∇2Φk(ξ)ei(ξ)⟩ + σΦk(ξ) +O(ϵ)} (τ = 1)
σϵq−1+τ

q−2 (Φk(ξ) +O(ϵ)) (−1 < τ < 1)
σϵq−2

q−2+σ(Φk(ξ) +O(ϵ)) (τ = −1)

ϵq−2(Φk(ξ) +O(ϵ)) (τ < −1)

(ii) ℓ = 1

b1,p =
|Sq−1|1/2

q1/2
⟨∇Φk(ξ), ep(ξ)⟩ϵq(1 +O(ϵ))×


−1/(q − 1) (τ > −1)

(σ − 1)/(q − 1 + σ) (τ = −1)

1 (τ < −1)

Lemma. For any N ∈ N, there exists dN > 0 (independent of ξ ∈M) such that

|bℓ,p| ≦
dN
γ(ℓ)N


ϵℓ+q (τ ≧ 0)

ϵℓ+q+τ (−1 < τ < 0)

ϵℓ+q−1 (τ ≦ −1)

, (1 ≦ p ≦ ι(ℓ), ℓ ≧ 2).



Proof for the theorems
For any sequence of positive values {ϵp}∞p=1 with limp→∞ ϵp = 0, there exists a subsequence
{ζp}∞p=1 and orthonormal systems of eigenfunctions {Φ′

k}∞k=1 and {Φ′′
k}∞k=1 of (1) corresponding

to {λk}∞k=1, respectively such that

(Φ′
k,Φ

′
ℓ)L2(Ω) = δ(k, ℓ), (Φ′′

k,Φ
′′
ℓ )L2(Ω) = δ(k, ℓ) (k, ℓ ∈ N),

lim
p→∞

∥ΦRk,ζp − Φ′
k∥L2(Ω(ζp)) = 0, lim

p→∞
∥ΦNk,ζp − Φ′′

k∥L2(Ω(ζp)) = 0.



Calculation of the limit behavior of λRk (ϵ)− λk.

(7)

∫
Ω(ϵ)

(∆ΦRk,ϵ + λRk (ϵ)Φ
R
k,ϵ)Φ̃k,ϵdx = 0

Assume the situation ΦRk,ϵ −→ Φ′
k for ϵ = ζp → 0 as in Proposition 2.

Calculation on the above integral relation gives

(8) (λk(ϵ)− λk)

∫
Ω(ϵ)

Φk(x)Φk,ϵ(x)dx = I1(ϵ) + I2(ϵ) + I3(ϵ) + I4(ϵ).

where

I1(ϵ) = −
∫
Γ(M,r0)

∂Gk,ϵ

∂ν1
(Φk,ϵ(x)− Φ′

k(x))dS

I2(ϵ) =

∫
B(M,r0)\B(M,ϵ)

Gk,ϵ(x)(∆Φ′
k(x) + λk(ϵ)Φk,ϵ(x))dx

I3(ϵ) =

∫
B(M,r0)\B(M,ϵ)

(∆Gk,ϵ(x))(Φk,ϵ(x)− Φ′
k(x))dx



I4(ϵ) =

∫
Γ(M,ϵ)

(
∂Gk,ϵ

∂ν1
Φ′
k −Gk,ϵ

∂Φ′
k

∂ν1

)
dS

I4(ϵ) is also written

I4(ϵ) =

∫
Γ(M,ϵ)

(
(
∂Φk
∂ν1

+ σϵτΦk)Φ
′
k −Gk,ϵ(

∂Φ′
k

∂ν1
+ σϵτΦ′

k)

)
dS.

Careful evaluation on I1, I2, I3, I4 gives the perturbation formula in Theorem.



(B) Domain with partial degeneration

D ⊂ Rn : a bounded domain (or a finite union of bounded domains) with a smooth
boundary. The perturbed domain

Ω(ζ) = D ∪Q(ζ) ⊂ Rn

Here Q(ζ) is a thin set which approaches a lower dimensional set L as ζ → 0.

Eigenvalue problem

(9) ∆Φ + µΦ = 0 in Ω(ζ), ∂Φ/∂ν = 0 on ∂Ω(ζ)

Let {µk(ζ)}∞k=1 be the eigenvalues with the corresponding eigenfunctions Φk,ζ (k ≧ 1) such

that
(Φk,ζ,Φk′,ζ)L2(Ω(ζ) = δ(k, k′) (k, k′ ≧ 1) (Kronecker’s delta)





Basic question : What is the limitting behavior of µk(ζ) for ζ → 0 ?

For the Dumbbell domain, there are results. Beale(’73), Fang(’93), Jimbo(’93), Gadyl-
shin(’93), Arrieta(’95), Jimbo-Morita(’95), Anné(’87),...

Convergence of the eigenvalues. Perturbation formula (first order approximation) is studied.

In this lecture I deal with more genral cases. Hereafter I mainly talk about the results in
Jimbo-Kosugi(’09).



The construction of Ω(ζ) = D ∪Q(ζ)
Let n, ℓ,m ∈ N with n = ℓ +m. x = (x′, x′′) ∈ Rn = Rℓ × Rm

D ⊂ Rn, L ⊂ Rℓ bounded domains (finite disjoint union of bounded domains) with smooth
boundaries.

Some symbols:

B(m)(s) := {x′′ ∈ Rm | |x′′| < s}, L(s) := {x′ ∈ L | dist(x′, ∂L) > s}

Assumption: There exists ζ0 > 0 such that

(L×B(m)(3ζ0)) ∩D = ∂L×B(m)(3ζ0) ⊂ ∂D

There exists a function ρ = ρ(t) ∈ C3((−∞, 0)) ∩ C0((−∞, 0]) such that

ρ(t) = 1 (t ≦ −1), ρ′(t) > 0 (−1 < t < 0), ρ(0) = 2, lim
s↑2

dkρ−1(s)/dsk = 0 (1 ≦ k ≦ 3)

Put Q(ζ) = Q1(ζ) ∪Q2(ζ) where Q1(ζ) = L(2ζ)×B(m)(ζ) and

Q2(ζ) = {(ξ + sν ′(ξ), η) | Rℓ × Rm | −2ζ ≦ s ≦ 0, ξ ∈ ∂L, |η| < ζρ(s/ζ)}





To express the limit of {µk(ζ)}∞k=1 we prepare the notation.

Definition. {ωk}∞k=1 is the system of eigenvalues of

(10) ∆ϕ + ωϕ = 0 in D, ∂ϕ/∂ν = 0 on ∂D

Definition. {λk}∞k=1 is the system of eigenvalues of

(11) ∆′ψ + λψ = 0 in L, ψ = 0 on ∂L

where

∆′ =
∂2

∂x21
+

∂2

∂x22
+ · · · + ∂2

∂x2ℓ

The limit of {µk(ζ)}∞k=1 is given by the following result.

Proposition. limζ→0 µk(ζ) = µk for any k ≧ 1 where {µk}∞k=1 is given by rearranging
{ωk}∞k=1 ∪ {λk}∞k=1 in increasing order with counting multiplicity.

Remark. µk is written as

µk = max
1≦j≦k

(min(ωk+1−j, λj)) .



Classification of eigenvalues

Definition

EI = {ωk}∞k=1 \ {λk}∞k=1, EII = {λk}∞k=1 \ {ωk}∞k=1, EIII = {ωk}∞k=1 ∩ {λk}∞k=1

Relation to the eigenfunctions

Let {Φk,ζ}∞k=1 ⊂ L2(Ω(ζ)) be the (complete) orthonormal system corresponding to {µk(ζ)}∞k=1

of (9).

Proposition.

lim
ζ→0

∥Φk,ζ∥L2(Q(ζ)) = 0 ⇐⇒ µk ∈ EI

lim
ζ→0

∥Φk,ζ∥L2(D) = 0 ⇐⇒ µk ∈ EII

lim inf
ζ→0

∥Φk,ζ∥L2(Q(ζ)) > 0, lim inf
ζ→0

∥Φk,ζ∥L2(D) > 0 ⇐⇒ µk ∈ EIII





Proposition (Convergence rate)

µk ∈ EI =⇒ µk(ζ)− µk = O(ζm)

µk ∈ EII =⇒ µk(ζ)− µk =

{
O(ζ) (m ≧ 2)

O(ζ log(1/ζ)) (m = 1)

For µk ∈ EIII , a mixed situation occurs (as seen later).



Some preparation(uniform converegence)

Consider the following semilinear elliptic equation in Ω(ζ).

∆u + fζ(u) = 0 in Ω(ζ), ∂u/∂ν = 0 on

Here ζ > 0 is a parameter and the nonlinear term fζ(u) is assumed to be a C1 function in R
such that (∂fζ/∂u)(u) is uniformly bounded in R and fζ(u) converges locally uniformly to a
C1 function f0(u) for ζ → 0.

Theorem. Let {ζp}∞p=1 be a positive sequence which converges to 0 as p → ∞ and let

uζp ∈ C2(Ω(ζp)) be a solution of the above equation for ζ = ζp such that

sup
p≧1

sup
x∈Ω(ζp)

|uζp(x)| <∞.

Then there exists a subsequence {σp}∞p=1 ⊂ {ζp}∞p=1 and functionsw ∈ C2(D) and V ∈ C2(L)
such that



∆w + f0(w) = 0 in D,
∂w

∂ν
= 0 on ∂D (Neumann B.C.),

∆′V + f0(V ) = 0 in L, V (x′) = w(x′, o′′) for x′ ∈ ∂L,

lim
p→∞

sup
x∈D

|uσp(x)− w(x)| = 0,

lim
p→∞

sup
(x′,x′′)∈Q(σp)

|uσp(x′, x′′)− V (x′)| = 0,

where ∆′ =
∑ℓ

k=1 ∂
2/∂x2k. Note that ∂L× {o′′} ⊂ ∂D.



Perturbation formula [Type (I)]

Let {ϕk}∞k=1 be the system of eigenfunctions of (10) (eigenvalue problem in D) orthonor-
malized in L2(D).

Assume µk ∈ EI and there exists k′ ∈ N such that µk = ωk′. Assume also that ωk′ is a
simple eigenvalue of (10).

Theorem.
µk(ζ)− µk = S(m)α(k)ζm + o(ζm)

where

α(k) =

∫
∂L

∂Vk′

∂ν ′
(ξ)ϕk′(ξ, o

′′)dS ′

Vk′(x
′) is the unique solution V ∈ C2(L) of

∆′V + ωk′V = 0 in L, V (ξ) = ϕk′(ξ, o
′′) for ξ ∈ ∂L.

S(m) is the m-dimensional volume of the unit ball in Rm.



Perturbation formula [Type (II)]

Let {ψk}∞k=1 be the system of eigenfunctions of (11) (eigenvalue problem in L) orthonormal-
ized in L2(L).

Assume µk ∈ EII and there exists k′′ ∈ N such that µk = λk′′. Assume also that λk′′ is a
simple eigenvalue of (11).

Theorem.

µk(ζ)− µk = −2

π
β(k′′)ζ log(1/ζ) + o(ζ log(1/ζ)) (m = 1),

µk(ζ)− µk = −T (ρ,m)β(k′′)ζ + o(ζ) (m ≧ 2).

where

β(k′′) =

∫
∂L

(
∂ψk′′

∂ν ′
(ξ)

)2

dS ′

and T (ρ,m) is the number which depends on Ω(ζ) (to be explained later).

Remark. For the case of Dumbbell, Gadylshin(’93) obtained this result m = 2 and Arrieta
(’95) obtained this result for m = 1.



Quantity T (ρ,m) (m ≧ 2)

Harmonic function G in the set H = H1 ∪H2 ⊂ R× Rm where H1, H2 are given

H1 = (0,∞)× Rm, H2 = {(s, η) ∈ R× Rm | |η| < ρ(s), s ≦ 0}.
Proposition. There exists a solution G to

∂2G

∂s2
+

m∑
j=1

∂2G

∂η2j
= 0 ((s, η) ∈ H)

∂G

∂n
= 0 ((s, η) ∈ ∂H)

such that
G(z) = G(s, η) −→ 0 for (z ∈ H1, |z| → ∞)

G(s, η)− (−κ1s + κ2) −→ 0 for (z ∈ H2, |z| → ∞)

where κ1 > 0, κ2 are real constants. κ2/κ1 is uniquely determined by H .

Definition. T (ρ,m) = κ2/κ1.







Perturbation formula [Type (III)]

Assume µk ∈ EIII and there exists k′, k′′ ∈ N such that µk = ωk′ = λk′′. Assume also that
ωk′ is simple eigenvalue of (10) and λk′′ is a simple eigenvalue of (11).

We have the situation
µk−1 < µk = µk+1 < µk+2.

Theorem. For m = 1, we have

µk(ζ)− µk = γ−1 (k
′, k′′)ζ1/2 + o(ζ1/2)

µk+1(ζ)− µk+1 = γ+1 (k
′, k′′)ζ1/2 + o(ζ1/2)

where γ±1 (k
′, k′′) are eigenvalues of(

0
√
2
∫
∂L(∂ψk′′/∂ν

′)(ξ)ϕk′(ξ, o
′′)dS ′

√
2
∫
∂L(∂ψk′′/∂ν

′)(ξ)ϕk′(ξ, o
′′)dS ′ 0

)



Theorem. For m = 2, we have

µk(ζ)− µk = γ−2 (k
′, k′′)ζ + o(ζ)

µk+1(ζ)− µk+1 = γ+2 (k
′, k′′)ζ + o(ζ)

where γ±2 (k
′, k′′) are eigenvalues of(

0
√
π
∫
∂L(∂ψk′′/∂ν

′)(ξ)ϕk′(ξ, o
′′)dS ′

√
π
∫
∂L(∂ψk′′/∂ν

′)(ξ)ϕk′(ξ, o
′′)dS ′ −T (ρ, 2)

∫
∂L(∂ψk′′/∂ν

′)(ξ))2dS ′

)
Remark. For the case of Dumbbell (m = 2, n = 3), Gadylshin (’05) got this result. See
Jimbo-Kosugi(’09) for more genral cases.



Theorem. Assume T (ρ,m) > 0. For m ≧ 3, we have

µk(ζ)− µk = γ−m(k
′, k′′)ζ + o(ζ)

µk+1(ζ)− µk+1 = γ+m(k
′, k′′)ζm−1 + o(ζ)

where

γ−m(k
′, k′′) = −T (ρ,m)

∫
∂L

(
∂ψk′′

∂ν ′
(ξ)

)2

dS ′

γ+m(k
′, k′′) = S(m)T (ρ,m)−1

(∫
∂L

(
∂ψk′′

∂ν ′
(ξ))2dS ′

)−1(∫
∂L

∂ψk′′

∂ν ′
(ξ)ϕk′(ξ, o

′′)dS ′
)2

In the case T (ρ,m) < 0, the right hand sides are exchanged.
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